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Abstract
We use Generalized Fermi-Walker transport to construct a one-parameter family
of inertial frames which are instantaneously comoving to a uniformly accelerated ob-
server. We explain the connection between our approach and that of Mashhoon. We
show that our solutions of uniformly accelerated motion have constant acceleration
in the comoving frame. Assuming the Weak Hypothesis of Locality, we obtain local
spacetime transformations from a uniformly accelerated frame K ′ to an inertial frame
K. The spacetime transformations between two uniformly accelerated frames with
the same acceleration are Lorentz. We compute the metric at an arbitrary point of a
uniformly accelerated frame.
PACS : 03.30.+p ; 02.90.+p ; 95.30.Sf ; 98.80.Jk.
Keywords: Uniform acceleration; Lorentz transformations; Spacetime transforma-
tions; Fermi-Walker transport; Weak Hypothesis of Locality
1 Introduction
The accepted physical definition of uniformly accelerated motion is motion whose accel-
eration is constant in the comoving frame. This definition is found widely in the literature,
as early as [1], again in [2], and as recently as [3] and [4]. The best-known example of
uniformly accelerated motion is one-dimensional hyperbolic motion. Such motion is ex-
emplified by a particle freely falling in a homogeneous gravitational field. Fermi-Walker
transport attaches an instantaneously comoving frame to the particle, and one easily checks
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that the particle’s acceleration is constant in this frame (see [5], pages 166-170, or section
5.2 below).
In [6], we showed that 1D hyperbolic motion is not Lorentz invariant. These motions
are, however, contained in a Lorentz-invariant set of motions which we call translation
acceleration. Moreover, we introduced three new Lorentz-invariant classes of uniformly
accelerated motion. For null acceleration, the worldline of the motion is cubic in the time.
Rotational acceleration covariantly extends pure rotational motion. General acceleration
is obtained when the translational component of the acceleration is parallel to the axis of
rotation. A review of these explicit solutions appears in section 2.
In this paper, we establish that all four types (null, translational, rotational and gen-
eral) do, in fact, represent uniformly accelerated motion by showing that they have con-
stant acceleration in the instantaneously comoving frame. Fermi-Walker transport will
no longer be adequate here to define the comoving frame because we must now deal with
rotating frames. Instead, we will use generalized Fermi-Walker transport. Similar con-
structions appear in [7] and [5].
Our construction begins in section 3.1, where we define the notion of a one-parameter
family of inertial frames which are instantaneously comoving to a uniformly accelerated
observer. As mentioned above, the construction uses Generalized Fermi-Walker transport.
This leads us, in section 3.2, to the definition of a uniformly accelerated frame. Here, we
explain the connection between our approach and that of Mashhoon [7]. It is also here that
we show that the four types of acceleration all have constant acceleration in the comoving
frame. We also show here that if K ′ and K ′′ are two uniformly accelerated frames with a
common acceleration, then the spacetime transformations between K ′ and K ′′ are Lorentz,
despite the fact that neither K ′ nor K ′′ is inertial.
The main results appear in section 4. Assuming the Weak Hypothesis of Locality,
we obtain local spacetime transformations from a uniformly accelerated frame K ′ to an
inertial frame K. We show that these transformations extend the Lorentz transformations
between inertial systems. We also compute the metric at an arbitrary point of a uniformly
accelerated frame.
Section 5 is devoted to examples of uniformly accelerated frames and the corresponding
spacetime transformations. We summarize our results in section 6.
2 Four Lorentz-invariant Types of Uniformly Accelerated
Motion
In [6], uniformly accelerated motion is defined as a motion whose four-velocity u(τ) in
an inertial frame is a solution to the initial value problem
c
duµ
dτ
= Aµνu
ν , u(0) = u0, (1)
2
where Aµν is a rank 2 antisymmetric tensor. Equation (1) is Lorentz covariant and extends
the 3D relativistic dynamics equation F = dpdt . The solutions to equation (1) are divided
into four Lorentz-invariant classes: null acceleration, translational acceleration, rotational
acceleration, and general acceleration. The translational class is a covariant extension of
1D hyperbolic motion and contains the motion of an object in a homogeneous gravitational
field. In [6], we computed explicit worldlines for each of the four types of uniformly
accelerated motion. We think of these worldlines as those of a uniformly accelerated
observer.
Recall that in 1 + 3 decomposition of Minkowski space, the acceleration tensor A of
equation (1) has the form
Aµν(g,ω) =
 0 gT
−g −cΩ
 , (2)
where g is a 3D vector with physical dimension of acceleration, ω is a 3D vector with
physical dimension 1/time, the superscript T denotes matrix transposition, and, for any
3D vector ω = (ω1, ω2, ω3),
Ω = εijkω
k,
where εijk is the Levi-Civita tensor. The factor c in A provides the necessary physi-
cal dimension of acceleration. The 3D vectors g and ω are related to the translational
acceleration and the angular velocity, respectively, of a uniformly accelerated motion.
We raise and lower indices using the Minkowski metric ηµν = diag(1,−1,−1,−1).
Thus, Aµν = ηµαA
α
ν , so
Aµν(g,ω) =
 0 gT
g cΩ
 . (3)
Using the fact that the unique solution to (1) is given by the exponential function
u(τ) = exp(Aτ/c)u0 =
( ∞∑
n=0
An
n!cn
τn
)
u0 , (4)
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we found in [6] that the general solution to (1) is
u(τ) =

u(0) +Au(0)τ/c+ 12A
2u(0)τ2/c2,
if α = 0, β = 0 (null acceleration)
D0 cosh(ατ/c) +D1 sinh(ατ/c) +D2,
if α > 0, β = 0 (translational acceleration)
D0 +D2 cos(βτ/c) +D3 sin(βτ/c),
if α = 0, β > 0 (rotational acceleration)
D0 cosh(ατ/c) +D1 sinh(ατ/c)
+D2 cos(βτ/c) +D3 sin(βτ/c),
if α > 0, β > 0 (general acceleration)

, (5)
where ±α and ±iβ are the eigenvalues of A, and the Dµ are appropriate constant four-
vectors which depend on A and can be computed explicitly. By integrating u(τ), one
obtains the worldline of a uniformly accelerated observer.
The four classes indicated in (5) (null, translational, rotational and general) are Lorentz-
invariant. The translational class is a covariant extension of 1D hyperbolic motion. The
null, rotational, and general classes were previously unknown.
3 Uniformly Accelerated Frame
In this section, we use Generalized Fermi-Walker transport to define the notion of the
comoving frame of a uniformly accelerated observer. We then show that in this comoving
frame, all of our solutions to equation (1) have constant acceleration. We show that our
definition of the comoving frame is equivalent to that of Mashhoon [7]. We also show
that if two uniformly accelerated frames have a common acceleration tensor A, then the
spacetime transformations between them are Lorentz, despite the fact that neither frame
is inertial.
3.1 One-Parameter Family of Inertial Frames
First, we define the notion of a one-parameter family of inertial frames which are
instantaneously comoving to a uniformly accelerated observer. The coordinates in this
family of comoving frames will be used as a bridge between the observer’s coordinates and
the coordinates in the lab frame K. The family of frames is constructed by Generalized
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Fermi-Walker transport of the initial frame K0 along the worldline of the observer. In the
case of 1D hyperbolic motion, this construction reduces to Fermi-Walker transport [8, 9].
In fact, Fermi-Walker transport may only be used in the case of 1D hyperbolic motion.
This is because Fermi-Walker transport uses only a part of the Lorentz group - the boosts.
This subset of the group, however, is not a subgroup, since the combination of two boosts
entails a rotation. Generalized Fermi-Walker transport, on the other hand, uses the full
homogeneous Lorentz group, and can be used for all four types of uniform acceleration:
null, linear, rotational, and general.
The construction of the one-parameter family {Kτ : τ ≥ 0} is according to the following
definition.
Definition 1. Let x̂(τ) be the worldline of a uniformly accelerated observer whose motion
is determined by the acceleration tensor A, the initial four-velocity u(0), and the initial
position x̂(0).
We first define the initial frame K0. The origin of K0 at time τ = 0 is x̂(0). For the
basis of K0, choose any orthonormal basis λ̂ = {u(0), λ̂(1), λ̂(2), λ̂(3)}.
Next, we define the one-parameter family {Kτ (A, x̂(0), λ̂)} of inertial frames generated
by the uniformly accelerated observer. For each τ > 0, define Kτ as follows. The origin
of Kτ at time τ is set as x̂(τ). The basis of Kτ is defined to be the unique solution
λ(τ) = {λ(κ)(τ) : κ = 0, 1, 2, 3}, to the initial value problem
c
dλµ(κ)
dτ
= Aµνλ
ν
(κ) , λ(κ)(0) = λ̂(κ). (6)
We remark that the choice of the initial four-velocity u(0) for λ̂(0) is deliberate and
required by Generalized Fermi-Walker transport.
Claim 1. For all τ , we have λ(0)(τ) = u(τ).
This follows immediately from (1).
Claim 2. The unique solution to (6) is
λ(κ)(τ) = exp(Aτ/c)λ̂(κ). (7)
This follows immediately from (4).
Claim 3. For all τ , the columns of λ(τ) are an orthonormal basis.
To prove this claim, it is enough to note that A is antisymmetric. Therefore, exp(Aτ/c)
is an isometry.
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Analogously to (5), the general solution to (6) is
λ(κ)(τ) =

λ̂(κ) +Aλ̂(κ)τ/c+
1
2A
2λ̂(κ)τ
2/c2,
if α = 0, β = 0 (null acceleration)
D0(λ̂(κ)) cosh(ατ/c) +D1(λ̂(κ)) sinh(ατ/c) +D2(λ̂(κ)),
if α > 0, β = 0 (linear acceleration)
D0(λ̂(κ)) +D2(λ̂(κ)) cos(βτ/c) +D3(λ̂(κ)) sin(βτ/c),
if α = 0, β > 0 (rotational acceleration)
D0(λ̂(κ)) cosh(ατ/c) +D1(λ̂(κ)) sinh(ατ/c)
+D2(λ̂(κ)) cos(βτ/c) +D3(λ̂(κ)) sin(βτ/c),
if α > 0, β > 0 (general acceleration)

. (8)
Claim 4. For a given A, all four solutions λ(κ)(τ), κ = 0, 1, 2, 3 are of the same type (null,
linear, rotational, or general).
This claim follows from the fact that the type of acceleration is based solely on the
eigenvalues of A.
Claim 5. Let A denote the acceleration tensor as computed in the lab frame K, and let
A˜(τ) denote the tensor as computed in the frame Kτ . Then A˜(τ) is constant for all τ .
To prove this claim, first note that λ(τ) is the change of matrix basis from K to Kτ .
Hence, using claim 2 and the fact that A and exp(Aτ/c) commute, we have
A˜(τ) = λ(τ)−1Aλ(τ) = (exp(Aτ/c)λ̂)−1A exp(Aτ/c)λ̂
= λ̂−1 exp(Aτ/c)−1A exp(Aτ/c)λ̂ = λ̂−1 exp(Aτ/c)−1 exp(Aτ/c)Aλ̂ = λ̂−1Aλ̂ = A˜(0).
(9)
Claim 6. For all τ , we have λ(τ)A˜(τ) = Aλ(τ).
This follows from the first equality in (9).
3.2 Uniformly Accelerated Frame
Two frames are said to be comoving at time τ if at this time, the origins and the axes
of the two frames coincide, and they have the same four-velocity.
We now define the notion of a uniformly accelerated frame.
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Definition 2. A frame K ′ is uniformly accelerated if there exists a one-parameter family
{Kτ (A, x̂(0), λ̂)} of inertial frames generated by a uniformly accelerated observer such that
at every time τ , the frame Kτ is comoving to K
′.
In light of this definition, we may regard our uniformly accelerated observer as posi-
tioned at the spatial origin of a uniformly accelerated frame. This approach is motivated
by the following statement of Brillouin [10]: a frame of reference is a “heavy laboratory,
built on a rigid body of tremendous mass, as compared to the masses in motion.”
Our construction of a uniformly accelerated frame should be contrasted with Mash-
hoon’s approach [7], which is well suited to curved spacetime, or a manifold setting. There,
the orthonormal basis is defined by
c
dλµ(κ)(τ)
dτ
= A˜
(ν)
(κ)λ
µ
(ν)(τ), (10)
where A˜ is a constant antisymmetric tensor. Notice that the derivative of each of Mash-
hoon’s basis vectors depends on all of the basis vectors, whereas the derivative of each
of our basis vectors depends only on its own components. In particular, Mashhoon’s ob-
server’s four-acceleration depends on both his four-velocity λ(0) and on the spatial vectors
of his basis, while our observers’s four-acceleration depends only on his four-velocity. This
seems to be the more natural physical model: is there any a priori reason why the four-
acceleration of the observer should depend on his spatial basis? We show now, however,
that the two approaches are, in fact, equivalent.
The two approaches are equivalent if we identify Mashhoon’s tensor A˜ with our own
tensor A˜(0): A˜ = A˜(τ) = A˜(0). Then, by equation (6) and claim 6, we have
c
dλµ(κ)(τ)
dτ
= Aµνλ
ν
(κ)(τ) = λ
µ
(ν)(τ)A˜
(ν)
(κ),
which is (10).
We now show that all of our solutions of equation (1) have constant acceleration in the
comoving frame. Let A be as in (2). Denote u˜ = (1, 0, 0, 0)T . By claim 1 and 2 we have
a(τ) = Au(τ) = Aλ(0)(τ) = A exp(Aτ/c)λˆ(0) = A exp(Aτ/c)λˆu˜ (11)
= exp(Aτ/c)λˆλˆ−1Aλˆu˜ = λ(τ)A˜u˜ = λ(i)(τ)g˜(i).
Thus, the acceleration of the observer in the comoving frame is constant and equals g˜
from the decomposition (2) for A˜.
We end this section by showing that if K ′ and K ′′ are two uniformly accelerated frames
with a common acceleration tensor A, then the spacetime transformations between K ′ and
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K ′′ are Lorentz, despite the fact that neither K ′ nor K ′′ is inertial. Let K ′ and K ′′ be
two uniformly accelerated frames with a common acceleration tensor A. Without loss of
generality, let the lab frame K be the initial comoving frame K0 of K
′, so that the initial
orthonormal basis of K ′ is the identity I. Let λ̂ be the initial orthonormal basis of K ′′.
Then the basis of K ′ at time τ is λ′(τ) = exp(Aτ/c), while the basis of K ′′ at time τ is
λ′′(τ) = exp(Aτ/c)λ̂ = λ′(τ)λ̂. Thus, the change of basis from K ′ to K ′′ is accomplished
by the Lorentz transformation with matrix representation λ̂. This implies, in particular,
that there is a Lorentz transformation from a lab frame on Earth to an airplane flying at
constant velocity, since they are both subject to the same gravitational field.
4 Spacetime Transformations from a uniformly accelerated
frame to the lab frame
In this section, we construct the spacetime transformations from a uniformly accelerated
frame K ′ to the lab frame K. This will be done in two steps.
Step 1: From Kτ to K
First, we will derive the spacetime transformations from Kτ to K. The idea here
is as follows. Fix an event X with coordinates xµ in K. Find the time τ for which
x̂(τ) is simultaneous to X in the comoving frame Kτ . Define the 0-coordinate in Kτ
to be y(0) = cτ . Use the basis λ(τ) of Kτ to write the relative spatial displacement
of the event X with respect to the observer as yiλ(i)(τ), i = 1, 2, 3. The spacetime
transformation from Kτ to K is then defined to be
xµ = x̂µ(τ) + y(i)λµ(i)(τ). (12)
Transformations of the form (12) have a natural physical interpretation and were
also used in [7]. Moreover, they extend the Lorentz transformations.
To see this, let K ′ be an inertial frame (simply set A = 0). We will show that
the Lorentz transformations K ′ → K can be written as in (12). Suppose that K ′
moves with 3D velocity v = (v, 0, 0) with respect to K. Assume, as usual, that
the observer located at the spatial origin of K ′ was at the origin of K at time
t = 0. Let xµ = (x0 = ct, xi) denote the coordinates of an event in K, and let y(µ)
denote the event’s coordinates in K ′. In K, the observer has constant four-velocity
û = γ(1, v/c, 0, 0), and the observer’s worldline in K is x̂(τ) = cτ û = ûy(0). In this
case, the comoving frame of K ′ is
λ(0) = γ(1, v/c, 0, 0), λ(1) = γ(v/c, 1, 0, 0), λ(2) = (0, 0, 1, 0), λ(3) = (0, 0, 0, 1). (13)
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Figure 1: Lorentz transformation - two perspectives. (a) The usual perspective (b) Our
approach
The Lorentz transformations K ′ → K are usually written as
x = (ct, x1, x2, x3) = (γ(cτ + vy(1)/c), γ(vτ + y(1)), y(2), y(3)).
In this form, the transformations correspond to Figure 1(a), in which the event A is
written as a linear combination of unit vectors along the x′ and t′ axes.
However, we can write these transformations equivalently as
x = cτγ(1, v/c, 0, 0) + y(1)γ(v/c, 1, 0, 0) + y(2)(0, 0, 1, 0) + y(3)(0, 0, 0, 1),
which is exactly
x = x̂(τ) + y(i)λ(i). (14)
In this form, the transformations correspond to Figure 1(b), in which the event A
is written as the vector sum of the worldline of the observer located at the origin of
K ′ and the event’s spatial coordinates in this observer’s comoving frame.
It is worthwhile noting the properties of the transformations (14) when K ′ is
inertial (A = 0). First of all, only when K ′ is inertial are the transformations (14)
linear, since only in this case does the observer’s position depend linearly on y(0).
Next, note that when K ′ is inertial, the transformations (14) are well defined on
all of Minkowski space. For each value of τ , let Xτ be the 3D spacelike hyper-
plane consisting of all events simultaneous (in Kτ ) to x̂(τ). These hyperplanes are
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parallel and, therefore, pairwise disjoint. Now, let X be an event with coordinates
y(0), y(1), y(2), y(3) in K ′. This event is simultaneous to the event x̂(τ0) = (y(0), 0, 0, 0),
which corresponds to the observer at time τ0 = y
(0)/c. The vector X− x̂(τ0) belongs
to the hyperplane Xτ0 and may therefore be decomposed as X − x̂(τ0) = y(i)λ(i)(τ0)
in Kτ0 . Since the Xτ are pairwise disjoint, the vector X − x̂(τ0) does not belong to
any other Xτ . Hence, the transformations are well defined everywhere.
Returning to the general case (A 6= 0), we are now ready to show that the
spacetime transformations fromKτ toK have the form (14). LetK
′ be the uniformly
accelerated frame determined by A, x̂(0), and λ̂. The worldline x̂(τ) of the observer
is obtained by integrating his four-velocity u(τ), and the comoving frame matrix
λ(τ) is given by (8). In order to use (14), it remains only to establish well-defined
spatial coordinates y(µ) in Kτ .
Since K ′ is accelerated, the hyperplanes Xτ are no longer pairwise disjoint. Nev-
ertheless, since Xτ is perpendicular to u(τ), there exist a neighborhood of τ and a
spatial neighborhood of the observer in which the Xτ are pairwise disjoint. Thus,
spacetime can be locally split into disjoint 3D spacelike hyperplanes. This insures
that, at least locally, the same event does not occur at two different times. Hence,
within the locality restriction, we may uniquely define coordinates for the observer.
This implies that, at least locally, the spacetime transformations from Kτ to K are
given by (14).
A similar construction can be found in [11], in which the authors use radar 4-
coordinates.
Step 2: From K ′ to Kτ
At this point, we invoke a weaker form of the Hypothesis of Locality introduced by
Mashhoon [12, 13]. This Weak Hypothesis of Locality is an extension of the Clock
Hypothesis.
The Weak Hypothesis of Locality Let K ′ be a uniformly accelerated frame,
with an accelerated observer with worldline x̂(τ). For any time τ0, the rates of the
clock of the accelerated observer and the clock at the origin of the comoving frame
Kτ0 are the same, and, for events simultaneous to x̂(τ0) in the comoving frame Kτ0,
the comoving and the accelerated observers measure the same spatial components.
Consider an event with K coordinates xµ. By step 1, we have, for a unique τ0,
x = x̂(τ0) + y
(i)λ(i)(τ0). Hence, the Kτ0 coordinates of the event x are y
(0) = cτ0 and
y(i). Since x and x̂(τ0) are simultaneous in Kτ0 , the Weak Hypothesis of Locality
implies that the spatial coordinates y(i) coincide with the spatial coordinates in K ′.
We have thus proven the following:
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Let K ′ be a uniformly accelerated frame attached to an observer with worldline
x̂(τ). Let {Kτ (A, x̂(0), λ̂)} be the corresponding one-parameter family of inertial
frames. Then the the spacetime transformations from K ′ to K are
x = x̂(τ) + y(i)λ(i)(τ), with τ = y
(0)/c. (15)
Unless specifically mentioned otherwise, we will always choose the lab frame K
to be the initial comoving frame K0. This implies that λ̂ = I and A = A˜.
We end this section by calculating the metric at the point y of K ′. First, we
calculate the differential of the transformation (15). Differentiating (15), we have
dx = λ(0)(τ)dy
(0) + λ(i)(τ)dy
(i) + y(i)
1
c
dλ(i)
dτ
dy(0).
Define y¯ = (0,y). Using (10) (but writing A for A˜, as is our convention), this
becomes
dx = λ(0)(τ)dy
(0) + λ(i)(τ)dy
(i) + c−2(Ay¯)(ν)λ(ν)(τ)dy(0) . (16)
Finally, since
Ay¯ = (g · y,y × cω), (17)
we obtain
dx =
((
1 +
g · y
c2
)
λ(0) + c
−1(y × ω)(i)λ(i)
)
dy(0) + λ(j)dy
(j). (18)
Therefore, the metric at the point y¯ is
s2 = dx2 =
((
1 +
g · y
c2
)2
− c−2(y × ω)2
)
(dy(0))2
+
2
c
(y × ω)(i)dy(0)dy(i) + δjkdy(j)dy(k). (19)
This formula was also obtained by Mashhoon [7]. We point out that the metric is
dependent only on the position in the accelerated frame and not on time.
5 Examples of Spacetime Transformations from a Uniformly
Accelerated frame
In this section, we consider examples of uniformly accelerated frames and the
corresponding spacetime transformations.
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5.1 Null Acceleration (α = 0, β = 0)
Since, in this case, |g| = |cω| and g · ω = 0, we may choose g = (g, 0, 0) and
cω = (0, 0, g). From (2), we have
Aµν =

0 g 0 0
g 0 g 0
0 −g 0 0
0 0 0 0
 . (20)
Then
A2 =

g2 0 g2 0
0 0 0 0
−g2 0 −g2 0
0 0 0 0
 . (21)
Thus, from (8), we have
λ(τ) = I + Aτ/c+
1
2
A2τ 2/c2 =

1 + g
2τ2
2c2
gτ/c g
2τ2
2c2
0
gτ/c 1 gτ/c 0
−g2τ2
2c2
−gτ/c 1− g2τ2
2c2
0
0 0 0 1
 . (22)
The observer’s four-velocity is, therefore,
u(τ) = λ(0)(τ) =
(
1 +
g2τ 2
2c2
, gτ/c,−g
2τ 2
2c2
, 0
)
. (23)
His four-acceleration is
a(τ) =
(
g2τ
c
, g,−g
2τ
c
, 0
)
= gλ(1)(τ), (24)
which shows that the acceleration is constant in the comoving frame.
Integrating (23), we have
x̂(τ) =
(
cτ +
g2τ 3
6c
,
gτ 2
2
,−g
2τ 3
6c
, 0
)
.
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Using (22) and y(0) = cτ , the spacetime transformations (15) are
x0
x1
x2
x3

=

cτ + g
2τ3
6c
+ y(1)gτ/c+ y(2) g
2τ2
2c2
gτ2
2
+ y(1) + y(2)gτ/c
−g2τ3
6c
− y(1)gτ/c+ y(2) − y(2) g2τ2
2c2
y(3)

. (25)
5.2 Linear Acceleration (α > 0, β = 0)
Without loss of generality, we may choose
A =

0 g 0 0
g 0 cω 0
0 −cω 0 0
0 0 0 0
 , (26)
where g > cω > 0. In order to simplify the calculation of the exponent of A, we
perform a Lorentz boost
B =

g/α 0 −cω/α 0
0 1 0 0
−cω/α 0 g/α 0
0 0 0 1
 (27)
to the drift frame corresponding to the velocity
v = (c2/g, 0, 0)× (0, 0, ω). (28)
Since g > cω > 0, we have |v| ≤ c.
In the drift frame, the acceleration tensor A becomes
Adr = B
−1AB =

0 α 0 0
α 0 0 0
0 0 0 0
0 0 0 0
 ,
and leads to 1D hyperbolic motion. Hence,
λ(τ) = exp(Aτ/c) = B exp(Adrτ/c)B
−1
13
=
g2
α2
(
cosh ατ
c
− 1)+ 1 g
α
sinh ατ
c
gcω
α2
(
cosh ατ
c
− 1) 0
g
α
sinh ατ
c
cosh ατ
c
cω
α
sinh ατ
c
0
−gcω
α2
(
cosh ατ
c
− 1) −cω
α
sinh ατ
c
−c2ω2
α2
(
cosh ατ
c
− 1)+ 1 0
0 0 0 1
 . (29)
If ω = 0, we recover the usual hyperbolic motion of a frame. Thus, the previous
formula is a covariant extension of hyperbolic motion.
From the first column of (29), the observer’s four-velocity is
u(τ) = (
g2
α2
(
cosh
ατ
c
− 1
)
+ 1,
g
α
sinh
ατ
c
,
−gcω
α2
(
cosh
ατ
c
− 1
)
, 0). (30)
Hence, the observer’s four-acceleration is
a(τ) =
(
g2
α
sinh
ατ
c
, g cosh
ατ
c
,
−gcω
α
sinh
ατ
c
, 0
)
= gλ(1)(τ), (31)
which shows that the acceleration is constant in the comoving frame.
Note that our definition of linear acceleration is more general than the usual
du
dt
= g. From formula (30), we have
u =
(
cg
α
sinh
ατ
c
,
−gc2ω
α2
(
cosh
ατ
c
− 1
)
, 0
)
.
Since dτ
dt
= γ−1, and γ is the zero component of u(τ), we have
du
dt
=
du
dτ
dτ
dt
=
(
g cosh ατ
c
, −gcω
α
sinh ατ
c
, 0
)
g2
α2
(
cosh ατ
c
− 1)+ 1 ,
which is not constant unless ω = 0. This provides a proof of the fact mentioned in
part I that the equation du
dt
= g is limited to the particular case ω = 0.
Integrating (30), we have
x̂(τ) =
(
c2
α2
(
g2
α
sinh
ατ
c
+ cωτ
)
,
c2g
α2
(
cosh
ατ
c
− 1
)
,
−c2gω
α2
( c
α
sinh
ατ
c
− τ
)
, 0
)
.
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Using (29) and y(0) = cτ , the spacetime transformations (15) are

x0
x1
x2
x3

=

c2
α2
(
g2
α
sinh ατ
c
+ cωτ
)
+ y(1) g
α
sinh ατ
c
+y(2) cgω
α2
(
cosh ατ
c
− 1)
c2g
α2
(
cosh ατ
c
− 1)+ y(1) cosh ατ
c
+y(2) cω
α
sinh ατ
c
−c2gω
α2
(
c
α
sinh ατ
c
− τ)− y(1) cω
α
sinh ατ
c
−y(2) c2ω2
α2
(
cosh ατ
c
− 1)+ y(2)
y(3)

. (32)
5.3 Rotational Acceleration (α = 0, β > 0)
Without loss of generality, we may choose
A =

0 g 0 0
g 0 cω 0
0 −cω 0 0
0 0 0 0
 , (33)
where cω > g > 0. In order to simplify the calculation of the exponent of A, we
perform a Lorentz boost
B =

cω/β 0 −g/β 0
0 1 0 0
−g/β 0 cω/β 0
0 0 0 1

to the drift frame corresponding to the velocity
v = (g, 0, 0)× (0, 0, 1/ω). (34)
Since cω > g > 0, we have |v| ≤ c.
In the drift frame, the acceleration tensor A becomes
Adr = B
−1AB =

0 0 0 0
0 0 β 0
0 −β 0 0
0 0 0 0
 ,
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and leads to pure rotational motion. Hence,
λ(τ) = exp(Aτ/c) = B exp(Adrτ/c)B
−1
=

g2
β2
(1− cos βτ
c
) + 1 g
β
sin βτ
c
gcω
β2
(1− cos βτ
c
) 0
g
β
sin βτ
c
cos βτ
c
cω
β
sin βτ
c
0
−gcω
β2
(1− cos βτ
c
) − cω
β
sin βτ
c
−c2ω2
β2
(1− cos βτ
c
) + 1 0
0 0 0 1
 . (35)
If g = 0, we recover the usual rotation of the basis about the z axis. Thus, the
previous formula is a covariant extension of rotational motion.
From the first column of (35), the observer’s four-velocity is
u(τ) =
(
g2
β2
(1− cos βτ
c
) + 1,
g
β
sin
βτ
c
,
−gcω
β2
(1− cos βτ
c
), 0
)
. (36)
Hence, the observer’s four-acceleration is
a(τ) =
(
g2
β
sin
βτ
c
, g cos
βτ
c
,
−gcω
β
sin
βτ
c
, 0
)
= gλ(1)(τ), (37)
which shows that the acceleration is constant in the comoving frame.
Integrating (36), we have
x̂(τ) =
(−c2g2
β3
sin
βτ
c
+
(
g2
β2
+ 1
)
cτ,
c2g
β2
(
cos
βτ
c
− 1
)
,
c3gω
β3
sin
βτ
c
− c
2gω
β2
τ, 0
)
.
Using (35) and y(0) = cτ , the spacetime transformations (15) are

x0
x1
x2
x3

=

−c2g2
β3
sin βτ
c
+
(
g2
β2
+ 1
)
cτ − gy(1)
β
sin βτ
c
+y
(2)cgω
β2
(1− cos βτ
c
)
c2g
β2
(
cos βτ
c
− 1)+ y(1) cos βτ
c
−y(2)cω
β
sin βτ
c
c3gω
β3
sin βτ
c
− c2gω
β2
τ + y
(1)cω
β
sin βτ
c
−y(2)c2ω2
β2
(1− cos βτ
c
) + y(2)
y(3)

. (38)
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6 Summary
Definition 1 introduces a new method of constructing a family of inertial frames
which are instantaneously comoving to a uniformly accelerated observer. Our con-
struction uses generalized Fermi-Walker transport, and we have shown that our
approach is equivalent to that of Mashhoon (equation (10)). Thus, we may use the
two approaches interchangeably. Mashhoon’s approach is better suited to curved
spacetime, that is, a manifold setting. Our approach, on the other hand, leads to
a decoupled system of differential equations, and is, therefore, easier to solve for
explicit solutions.
Moreover, all of our solutions (5) for uniformly accelerated motion have constant
acceleration in the comoving frame (see equation (11)). In fact, the value of this
constant acceleration is g, the linear acceleration component of the acceleration
tensor A.
We have also shown at the end of section 3 that the spacetime transformations
between two frames K ′ and K ′′ are Lorentz not only when K and K ′ are inertial,
but also when K and K ′ are two uniformly accelerated frames, provided that each
frame experiences the same acceleration.
In section 4, we used the Weak Hypothesis of Locality to obtain local spacetime
transformations (formula (15)) from a uniformly accelerated frame K ′ to an inertial
frame K. These transformations extend the Lorentz transformations. We have
also computed (equation (19)) the metric at an arbitrary point of K ′. The metric
depends only on position, and not on time.
In the process of solving the examples of section 5, we used the “drift frame.”
What is the physical meaning of this frame? What is the physical significance of
the drift velocity?
In an upcoming paper, we will obtain velocity and acceleration transformations
from K ′ to K. We will also derive the general formula for the time dilation between
clocks located at different positions in K ′. It turns out that this time dilation
depends on the state of the clock, that is, on its position and velocity.
In computing the spacetime transformations from a uniformly accelerated frame,
we used the Weak Hypothesis of Locality, which is an extension of Einstein’s Clock
Hypothesis. Not all physicists agree with this hypothesis. L. Brillouin ([10], p.66)
wrote that “we do not know and should not guess what may happen to an accelerated
clock.” It is shown in [14] that if the Clock Hypothesis does not hold, then there is
a universal limitation amax on the magnitude of the 3D acceleration g. In [6], we
showed that the 3D acceleration must be replaced by an antisymmetric tensor A in
order to achieve covariance. Thus, we expect that if the Clock Hypothesis is not
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valid, then the maximal acceleration will put a bound on the admissible acceleration
tensors. In this case, the set of admissible acceleration tensors will form a bounded
symmetric domain known as a JC∗-triple (see [15]).
In [16], the first author shows how to modify the 3D Relativistic Dynamics
Equation to a 3D Extended Relativistic Dynamics Equation in order to preserve the
bound on accelerations. In order to make this extended equation covariant, one needs
to apply a similar procedure to that used in [6] to make the 3D Relativistic Dynamics
Equation covariant. In this way, we hope to obtain the spacetime transformations
from a uniformly accelerated frame in case the Clock Hypothesis is not valid.
We would like to thank B. Mashhoon, F. Hehl, Y. Itin, S. Lyle, and Ø. Grøn for
challenging remarks which have helped to clarify some of the ideas presented here.
References
[1] Born M 1909 Ann. Phys., Lpz. 30 1-56
[2] Landau L and Lifshitz E 1971 The Classical Theory of Fields (Course of The-
oretical Physics vol 2) (Oxford/Reading, MA: Pergamon, Addison-Wesley)
[3] Rohrlich F 2007 Classical Charged Particles 3rd edn (London: World Scientific)
[4] Lyle S 2008 Uniformly Accelerating Charged Particles (Berlin: Springer)
[5] Misner C, Thorne K and Wheeler J 1973 Gravitation (San Francisco, CA:
Freeman) p 166
[6] Friedman Y and Scarr T 2012 Making the relativistic dynamics equation covari-
ant: explicit solutions for motion under a constant force Phys. Scr. 86 065008
[7] Mashhoon B and Muench U 2002 Length measurement in accelerated systems
Ann. Phys., Lpz. 11 532-547
[8] Hehl F and Obukhov Y 2003 Foundations of Classical Electrodynamics: Charge,
Flux, and Metric (Boston: Birkha¨user)
[9] Hehl F, Lemke J and Mielke E 1991 Two lectures on fermions and gravity Geom-
etry and Theoretical Physics Debrus J and Hirshfeld A, eds. (Berlin: Springer)
56-140
[10] Brillouin L 1970 Relativity Reexamined (New York: Academic Press)
18
[11] Alba D and Lusanna L 2007 Generalized radar 4-coordinates and equal-time
Cauchy surfaces for arbitrary accelerated observers Int. J. Mod. Phys. D16
1149
[12] Mashhoon B 1990 Limitations of spacetime measurements Phys. Lett. A 143
176-182
[13] Mashhoon B 1990 The hypothesis of locality in relativistic physics Phys. Lett.
A 145 147-153
[14] Friedman Y and Gofman Y 2010 Phys. Scr. 82 015004
[15] Friedman Y 2004 Physical Applications of Homogeneous Balls (Cambridge, MA:
Birkha¨user)
[16] Friedman Y 2011 Ann. Phys. 523 408-16
19
